ABSTRACT. We characterize componentwise linear monomial ideals with minimal Taylor resolution and consider the lower bound for the Betti numbers of componentwise linear ideals.
where p denotes the projective dimension of S/I. In this note we consider componentwise linear ideals of S, and study the cases when one of the bounds for the Betti numbers described above is obtained. As one of the main results (Theorem 1.5) we have that a componentwise linear monomial ideal has a minimal Taylor resolution if and only if |G(I)| ≤ n. We also prove in Theorem 1.7 the following result: assume that K is infinite, and let I be a componentwise linear ideal of S and Gin(I) its generic initial ideal with respect to the reverse lexicographic order. Suppose that |G(Gin(I))| = s, and that β i (Gin(I)) = s i+1 for some 1 ≤ i < s. Then I is Gotzmann and β i (I) = s i+1 for all i. In general, if I is a monomial ideal generated by s elements and for some i with 0 < i < s− 1, the ith Betti number of I reaches the Taylor bound, i.e. β i (I) = s i+1 , then, contrary to the previous result, this does not necessarily imply that the whole Taylor resolution is minimal, as we show by examples. While if β s−1 (I) = 0, the Taylor resolution is indeed minimal, as noted by Fröberg [6, Proposition 1 ] .
Concerning the lower bound we have the following result (Theorem 2.2): Let I ⊂ m 2 be a componentwise linear ideal with grade I = g and proj dim S/I = p. Suppose that β i (I) = p i+1 for some i. Then (a) i ≥ g, and (b) β j (I) = p j+1 for all j ≥ i.
COMPONENTWISE LINEAR IDEALS WITH MINIMAL TAYLOR RESOLUTION
A monomial ideal I of S is lexsegment if, for a monomial u of S belonging to I and for a monomial v of A with deg u = deg v and with v < lex u, one has v ∈ I, where < lex is the lexicographic order on S induced by the ordering x 1 > · · · > x n of the variables. A lexsegment ideal I of S is called universal lexsegment [2] if, for m = 1, 2, . . ., the monomial ideal of the polynomial ring K[x 1 , . . . , x n , x n+1 , . . . , x n+m ] generated by the monomials belonging to G(I) is lexsegment. In other words, a universal lexsegment ideal of S is a lexsegment ideal I of S which remains being lexsegment in the polynomial ring K[x 1 , . . . , x n , x n+1 , . . . , Proof. Let I be a universal lexsegment ideal of S and
where for a monomial u of S the notation m(u) stands for the biggest integer j for which x j divides u. By using Eliahou and Kervaire [5] it follows that the qth total Betti number
. Thus β q (I) coincides with the rank of the qth free module of the Taylor resolution of I.
We refer the reader to [7] We shall need the following three results for the proof of the next theorems.
Lemma 1.2. A componentwise ideal I is Gotzmann if and only if Gin(I) is Gotzmann.
Proof. Since I is componentwise linear we have β i j (I) = β i j (Gin(I) for all i and j. On the other hand, I lex = Gin(I) lex . Therefore, β i j (I) = β i j (I lex ) if and only if β i j (Gin(I)) = β i j (Gin(I) lex ). This proves the assertion.
Next we have [5] implies that β i j (I) = β i j (L) for all i and j. In particular I and L have the same Hilbert function. Thus L = I lex . It follows that I is Gotzmann. Of course, |G(I)| ≤ n, since m(u) ≤ n for all u ∈ G(I).
The equivalence of the statements (a) and (b) in the following Theorem has been proved for the special case of stable ideals in the paper [10] . 
it follows that q = s. Hence Lemma 1.4 implies that Gin(I) is Gotzmann with |G(Gin(I))| ≤ n. Therefore Theorem 1.5 guarantees that β i (Gin(I)) = s i+1 for all i. Since I is componentwise linear, we have β i (I) = β i (Gin(I)) for all i, and by Lemma 1.2 that I itself is Gotzmann, as desired.
COMPONENTWISE LINEAR IDEALS WITH MINIMAL BETTI NUMBERS
It is not surprising that a stable monomial ideal is rarely a complete intersection. One such example is I = (x 1 , . . . , Proof. We may replace I by Gin(I) and hence may assume that I is a stable ideal. As usual we set m i (I) = |{u ∈ G(I) : m(u) = i}|. We first show that m i (I) > 1 for i = 2, . . . , g. Indeed, since I is a stable monomial ideal of grade g, the sequence x n , x n−1 , . . . , x n−g+1 is a system of homogeneous parameters for the standard graded K-algebra S/I. Hence S/I modulo the sequence x n , x n−1 , . . . , x n−g+1 is of dimension 0 and isomorphic to K[x 1 , . . . , x g ]/J where J is again a stable ideal with m i (J) = m i (I) for i = 1, . . . , g. We may assume that g > 1. Then m g (I) = m g (J) = dim K (J : x g )/J. Since J is stable, J : x g = J : (x 1 , . . . , x g ), and it follows that m i (I) = dim K J : (x 1 , . . . , x g )/J > 1, since S/J is not Gorenstein. In fact, if S/J would be Gorenstein, then, since dim S/J = 0 and J is a monomial ideal, it would follow that J is a complete intersection, contradicting Lemma 2.1. If g > 2, then we consider K[x 1 , . . . , x g ]/J modulo x g and repeat the argument. This can be done as long as g > 2.
Now we use the Eliahou-Kervaire formula and get For the proof of (a) we may assume that g ≥ 2. Then m g (I) ≥ 2, and we can have the equality β i (I) = 
